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Tactical management of development pipelines is concerned with the allocation of
resources and scheduling of tasks. Though these decisions have to be made in the pres-
ence of uncertainty, to make the problem solvable it is customary to use deterministic
MILP formulations of the multi-mode RCMPSP that are reevaluated after important
uncertainties are realized. In spite of the major simplifications attained by down- play-
ing the stochastic nature of the problem, the curse of dimensionality limits the exact
solution of the formulations to very small systems. The curse is mainly caused by 3
factors: the indexing of the task execution modes the indexing of time periods, and the
discrete character of the resources. Three models that attempt to overcome these limi-
tations are proposed and compared. Results show that despite the theoretical advan-
tages of the strategies used, the alternative formulations are limited to problems in the
same range of applicability of the conventional multi-mode formulation. © 2008 Ameri-
can Institute of Chemical Engineers AIChE J, 54: 2101-2119, 2008
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Introduction

The multimode resource-constrained multiproject schedul-
ing problem (multimode RCMPSP) is an extension of the
conventional resource constrained scheduling problem in
which the duration of each task is a function of the level and
type of resources committed to it, and the project interactions
resulting from the utilization of shared resources are taken
into consideration.! The relevance of capturing the flexibility
in the allocation of resources and the corresponding changes
in the completion times can be illustrated with a highly
idealized example. Consider a pharmaceutical company that
received FDA approval for three different products. All the
products have to go through three sequential pre-launch tasks
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(A1, A2, and A3), whose durations and resource require-
ments are presented in Table 1. It is assumed that there are
three groups of renewable resources (R1, R2, and R3) that
are completely specialized on each of the tasks. Specifically,
RX can only be allocated to AX. The types of resources
within each group are aggregated and its total availability is
represented in terms of dollars (Table 2). For simplicity the
objective function maximizes the total nondiscounted profit
obtained from the three projects, assuming that the negative
cash flow for each activity is equal to the resource require-
ments, and that the positive cash flows correspond to the net
profit (Table 3) for the remaining patent life, 50 months for
all three projects. Figure 1 shows the resulting schedules for
the cases in which each task can only be assigned a single
combination of resources (mode 1), and the more flexible
one in which either mode 1 or mode 2 can be allocated. The
consideration of multiple modes made the more resource in-
tensive (and more profitable) project 1 more attractive by
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Table 1. Task Durations and Resource Requirements for the
Motivating Example

Table 2. Renewable Resources Availability

Resources Availability (M$)
Duration Resource | 40
(months) requirements (M$) ) 40
Activities  Projects Mode 1 Mode2 Mode 1 Mode 2 3 75
Al 1 4 6 24 16
2 4 6 18 12 .
3 4 6 18 12 Table 3. Project Monthly Expected Net Profits After
A2 1 8 12 30 20 Market Introduction
2 8 12 21 14 . )
3 3 2 15 10 Project Returns (M$)
A3 1 10 15 39 26 1 10
2 10 15 36 24 2 7
3 10 15 36 24 3 5

allowing the minimization of the reduction in the profits from
the other two projects caused by the delay in their market
introduction. The change in the schedule led to an increase in
the portfolio profit from $279 million to $296 million.

This example shows that even without efficiency gains the
ability to allocate resources in a flexible manner has a poten-
tial to enhance the value of the portfolio of projects, and
therefore has to be part of the set of decision variables used
to optimize the performance of the portfolio.

In the development of new products/services the decisions
made at the tactical/operational level are mainly concerned
with determining the optimal allocation of resources and
scheduling the tasks required to complete each project in the
pipeline. This optimization problem can be viewed basically
as a multimode RCMPSP. The main difference is that tech-
nological and market uncertainties may cause the failure of
some of the projects at different stages in the development
process. These events force the remaining work scheduled on
the terminated projects to be canceled, and the resources to
be reallocated, resulting in schedules for the surviving proj-
ects that may be completely different from the ones planned
before the failure.” The presence of success/failure, task du-
ration, and resource requirement uncertainties make the
underlying problem a stochastic optimization problem. How-
ever, the complexity of a multistage stochastic program that
accounts for all the uncertainties and project interactions is
outside the set of effectively solvable problems.>* For this rea-
son it is customary to generate a schedule by using determinis-
tic MILP formulations that are reevaluated every time an im-
portant uncertainty is realized. In spite of the major simplifica-
tions attained in the formulations by ignoring or downplaying
the stochastic nature of the problem, the curse of dimensional-
ity still restricts their exact solution to very small systems. This
limitation is mainly caused by the indexing of three factors:
the indexing of the task execution modes, time periods, and
the discrete character of the resources. The bulk of large-scale
problems consider a single task execution mode or a very lim-
ited number of modes, and are solved by heuristics or tailored
branch and bound algorithms.” In this work, we propose and
evaluate three different formulations that attempt to provide
exact solutions to the deterministic version of the tactical/
operational decision making problem found in the development
of new products when preemption is not allowed and the task
sequence is predetermined. To achieve this goal three concepts
are exploited, namely, continuously divisible resources, contin-
uous time representations, and short time horizons.
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The rest of the article is organized as follows. The next
section provides a literature review. The section Conven-
tional Multimode RCMPSP describes the conventional multi-
mode RCMPSP, its limitations, and the reasoning behind the
strategies used to overcome them. The problem is formalized
in the section Problem Definition, and the corresponding for-
mulations are presented in the section Mathematical Formu-
lations. The section Example provides results and discussion
for a specific case study. Concluding remarks and perspec-
tives are presented in the last section.

Literature Review

The project scheduling literature treats the project schedul-
ing problem with multiple task execution modes from three
different perspectives, namely, time/cost trade-off, time/
resource trade-off, and multimode resource allocation.® The
time/cost trade-off strategy does not explicitly consider
resource decisions; instead it uses a cost vs. duration function
to describe the interaction between tasks duration and
resource requirements. In the time/resource trade-off case it
is assumed that a single resource is committed to each task,
and that the duration of each task is a decreasing function of
the allocated amount of the corresponding resource. The mul-
timode problem is an extension of the other two strategies. It
indexes different blends (modes) of resources to capture not
just the time/cost and time/resource trade-offs, but also the
resource/resource trade-offs. In practice, decision makers can
tailor the group of resources assigned to undertake each task,
increasing or decreasing the duration of the task accordingly.
The resources can also be sourced internally or externally. In
the first case the different options are made available by the
multiple levels and fields of expertise present in the organiza-
tion, while in the second case the options are determined by
the outsourcing opportunities offered by the market. Clearly
the multimode approach provides the most comprehensive
framework for realistically representing the flexibilities that
decision makers have. However, exact solution of this kind of
problem requires customized branch and bound algorithms,
even for relatively simple systems.' Only heuristics and meta-
heuristics can provide solution, though suboptimal, to mid and
large sized problems.'>”® Most of the efforts in the project
scheduling literature have been on the algorithmic side. The
process systems literature, on the other hand, has tried to lever-
age its experience with short-term batch scheduling to reformu-
late the problem. Initially, the reformulations were aimed
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Figure 1. Schedules for the motivating example.

toward capturing the effects of the success/failure uncertainties
by using the expectation operator in the objective function and
some of the constraints. In this line of thought, Schmidt and
Grossmann® proposed a single mode, slot-based continuous
time formulation with unlimited resources, and Homkomp10
proposed a resource constrained single mode discrete time for-
mulation. In subsequent work, the focus changed to the devel-
opment of realistic models that could be solved for large-scale
problems. Jain and Grossmann'' extended Schmidt’s work by
including resource constraints, and Maravelias and Grossmann”
further developed that model by allowing the allocation of dif-
ferent levels of resources and capacity expansion. Subramanian
et al>'? proposed a “rolling horizon”-type strategy that com-
bines short-term reactive scheduling with simulation. Under
this strategy, Homkomp’s deterministic RCMPSP for a short-
term horizon is solved and its outcome is used to control a dis-
crete event simulation of the system until the optimization has
to be implemented again.

It is important to highlight that the similarities between
project scheduling and short-term batch scheduling, first rec-
ognized by Schmidt and Grossman,’ are exploited in this
work. Specifically, sequence dependence'® and time events'*
for continuous time representation are used in the proposed
formulations.

Conventional Multimode RCMPSP
Formulation

In this version of the conventional formulation the modes
typically represented by one index are split into two indexes,
combinations, and multiples. Though this change does not
have any impact on the number of variables or constraints, it
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helps to draw the parallel between the conventional model and
the proposed models. In this formulation, every mode requires
a predefined number of resources and results in a known dura-
tion for each task. Therefore, it is not necessary to add distinc-
tive variables for the start and finish times. A single set of
binary variables is enough to develop the model:
Xpime = 1 if task i of project p is completed at the begin-
ning of time ¢ with multiple m of combination j, 0 otherwise.
The complete formulation is given by Egs. 1-5, where
R imji 18 the number of resources k allocated to task i of pro-
ject p if multiple m of combination j is used, and P, repre-
sents the duration of task i of project p if multiple m of com-
bination j is used. Constraint (2) ensures that only one multi-
ple of one combination is allocated to each task. Constraint
(3) enforces the resource capacity limits, and constraints (4)
and (5) guarantee that the precedence relations are satisfied.

max Z Z Z Z Z Wpl] e Xpimjt (D

i€l, m  je€lp t>[EFT,;]

ZZ Z szmpSl Vp7l€1p ﬁl(Epﬂ (2)

m j€lyi 1> [EFT,;]

t+Ppimj

2000 Romk D

icl, m jely g=max{r+1,[EFT,;|}

max
Xpimjg < Ry

Vk,t=1,...,T (3)
Z Z Z DXphmw — ZZ Z (t pplml Xpimjt

m w€lpy t > [EFTyp, ] m  jelpi t > [EFT,;]

12200 D

m - j€lpi t > [EFT;]
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Weaknesses and strategies to address them

In the conventional formulation of the multimode
RCMPSP, the indexing of the task execution modes results
in a rapid increase in problem size with the number of
modes. This scaling issue can be moderated by recognizing
that a mode is an assembly of different types of resources
(e.g. four of resource x, eight of resource y, and four of
resource w) that can be characterized in terms of two factors.
The first factor is the combination, represented by the
resource makeup ratios (e.g. 25% resource x, 50% resource
y, and 25% resource w) or any other set of values that repre-
sent the same relative amounts of resources (e.g. two of
resource X, four of resource y, and two of resource w) and
the second factor is the multiple of the combination (e.g. two
times). The use of continuously divisible resources allows
the representation of the different multiples of each combina-
tion by a single continuous variable, instead of a set of
indexed binary variables as is done in the conventional for-
mulation. This use of continuously divisible resources is a
nonstandardized version of the intensity concept used in pro-
ject scheduling problems with variable-intensity activ-
ities.">!® The index reduction is especially efficient when the
number of combinations is small. For instance, if outsourcing
and in-house development are the only possible combina-
tions, the use of continuously divisible resources allows the
development of a formulation in which the sizes of the vari-
able sets are increased by a factor of 2. This gives a very
modest increase in the problem size compared with the 2 X
M factor observed in a conventional multimode strategy,
where M represents the number of multiples taken into con-
sideration for each of the two possible combinations. The
price of implementing this problem size reduction strategy is
the need to use a linear approximation for the relationship
between task durations and the multiples of each combina-
tion of resources. In addition, if the resources are not allowed
to be used in multiple projects at the same time, the frac-
tional outcome of the solution needs to be rounded. Though
it is well known that such a policy may lead to suboptimal
solutions, the significant number of resources in a large-scale
problem decreases the policy’s negative impact.

The second aspect that hinders the scaling of the conven-
tional multimode RCMPSP formulation is the use of a dis-
crete representation of the time domain. It is well known that
such a strategy significantly limits the set of solvable prob-
lems, especially when the durations of tasks differ widely
and/or time horizons are long.17 This limitation is caused by
the need to add a new indexed binary variable for each addi-
tional time period considered, resulting in exponential growth
of the problem size from a solution perspective. The use of
continuous time representations enables the development of

*As proposed by one of the referees an alternative to this constraint is

o Zje.lp, PO [EFT,;] Xpimjt < o Zwe.r,,,, s [EFT,,,] Xphmwt-
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formulations whose size is independent of the length of the
time periods and the time horizon. However, as with the
mode-related problem size reduction, a price has to be paid
for removing the time index. In this case the formulations
obtained tend to relax poorly due to the required use of big-
M type constraints.

The standard approach when formulating a RCMPSP is to
assume that the selected time horizon is long enough to allow
the scheduling of all the tasks of every project in the pipeline.
However, in large-scale applications long time horizons usu-
ally result in problems that are not solvable due to the sub-
stantial number of variables that need to be considered. A
simple way around this difficulty is to develop a short-term
schedule and implement it until a significant deviation in the
real system is encountered, due to the realization of uncertain-
ties, and a new schedule needs to be computed. From a for-
mulation perspective this means that the model has to be able
to handle the case in which not all of the tasks are completed
in the given time horizon, and to allow tasks to start that will
not finish within such a time period. It should be noted that
the assumption behind this strategy is that the extra complex-
ities introduced into the model to allow these additional
degrees of freedom are overridden by the gains of solving a
smaller problem. Also notice that this kind of rolling horizon
strategy may tend to be myopic, and therefore it requires that
the decisions weigh in some way the long-term effects.

Before moving to the formulations proposed, it is important
to highlight that the work of Maravelias and Grossmann® is a
crucial step forward when compared with the conventional for-
mulation. It uses a continuous representation of the time do-
main and allows the duration of each task to vary according to
the number of resource allocated to it. However, the different
types of resources that can be allocated to a task have the same
impact on the duration, and when multiple resources are allo-
cate the combined effect is additive. In addition, every addi-
tional unit of each resource type requires an extra binary
indexed variable. The first limitation does not make it possi-
ble to represent the allocation of resources in a realistic
manner, and the second one restricts the model from being
used for systems with a significant number of resources.

Problem Definition

The goal of the problem is to determine which tasks have
to be scheduled in the given time horizon, their sequence,
their timing, and the types and levels of resources that need
to be allocated to them. To be able to solve this problem it
is assumed that the following information is given: (a) a col-
lection of projects, p € P, with known expected returns; (b) a
multistage nonpreemptive flowshop development plan for
each project, I,, in which the probability of success at the
end of each task is specified; (c) a set of renewable resour-
ces, k€K, in limited supply; (d) sets of combinations of
resources, j €J,;, suitable to complete the tasks in each pro-
ject; (e) a set of factors that relates the duration of each task
and the level of the combination allocated, p; (f) the mini-
mum, L™", and maximum, L™, combination multiples that
can be allocated to each task based on the values used to
represent the resource makeup ratios; (g) the maximum or
minimum task durations when completed by a specific com-
bination; and (h) a scheduling horizon, T.
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Mathematical Formulations

To begin, two formulations that attempt to address the prob-
lem of obtaining exact solutions for the multimode RCMPSP
by using continuous time representations, continuously divisi-
ble resources and short-term horizons were developed. Antici-
pating the characteristic poor relaxations of models based on
continuous time representations, a third formulation based on a
discrete time representation was also conceived.

Discrete time formulation

To guarantee that at every point in time resource and prec-
edence constraints are not violated, it is necessary to keep
track of when tasks are started and completed, the multiples
of the combinations used to undertake them, and the cumula-
tive resource usages. For this purpose, two sets of binary var-
iables and three sets of continuous variables need to be
defined:

X, = 1 if task i of project p is started at the beginning
of time t with combination j, 0 otherwise.
put =1 if task i of project p is finished at the beginning
of time ¢ with combination j, 0 otherwise.
L;l-jt: Multiple of combination j engaged at time ¢ to
undertake task i of project p.
Lplﬂ Multiple of combination j disengaged at time ¢ from
task i of project p.
R, Total amount of resources k that are being used at
time .
Notice that in spite of the continuous character of L}.. and

ijt

Lput’ they are implicitly discretized by the discrete tlrr[;e rep-
resentation. Therefore, if the resource constraints are binding,
the combination multiples, L plﬂ and Lpl ,» only can take those
values that lead to integer completion times. On the other hand,
if the resource constraints are not binding the combination mul-
tiples will take any value that allows the completion of the task
before the next scheduled task starts at an integer time.

Assignment Constraints. Only one combination can be
assigned to a task if it is started (finished) during the given

time horizon:

Z Z i <1 vp’lelmI(EST] (6)

JEJpi t> [EST,]

Z Z X < 1

JE€Jpi t> [EFT,;]

Y p,i € I, N gep @)

To reduce the size of the problem, only those tasks whose
earliest start time (EST) and earliest finish time (EFT) are
within the time horizon are included. Notice that the use of a
discrete time representation requires the EST and EFT values to
be rounded up to the closest integer of the time unit chosen.

Time and Combination Multiple Constraints. Constraint
(8) ensures the appropriate duration of each task given the
multiple of the combination assigned to it. The third term on
the left-hand side represents the duration of a given task
when the minimum level of resources is allocated plus
Brij ;}}“, while the fourth term corresponds to the reduction
in the task duration caused by the allocation of resources
above the minimum level. Constraints (9) and (10) guarantee
that the combination multiple allocated to a task when started
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is deallocated when completed. Note that constraints (8) and
(9) are big-M constraints with the time horizon, T, and the
maximum multiple of a particular combination, Lg};"‘, as the
M factors. Constraints (11) and (12) impose minimum and

maximum bounds on the multiples of each combination.

- E : pzjt+ E : pl}t+ 2 : al”l pz]t

t> [BFT,;] t> [EST,] > [EST,]
f
Z pirlpin <T | 1= Z piie
1> [EST,] 1> [EFT,;]
Vpi€lyj€ J(TEFTFJ (8)

N _ < ] max
E: Lptﬁ/'t 2: m/t Lm/

t> [EST,] t> [EFT,;]

1- Z x;fn:fz

t> [EFT,;]

Vpi€l,je J{EFW (9)

Z Loy — Z put>0 Vpi€l ’jeJFTEFTM (10)

t>[EST);] t> [EFT,;]
min 5 S max _S . :
Lpljt pijt = L[?ljt — Lptf/‘t xpijt v JZ2IAS 1[7’] € ‘11717

t € [[EST,],T] (11)

Lmln f Lt Lme}xxt

piit *pije < Lpije < Lo i ¥ P51 € Ip,

J € Jpist € [[EFT,], ] (12)

Resource Constraints. Constraint (13) corresponds to the
“mass balance” of each resource. The number of resources k
allocated or deallocated is given by the product of the combi-
nation multiple (L* pijt OF pr) and the combination ratios or
factors (p,;x). Constraint (14) models the resource capacity
limits, which, owing to the discrete nature of the time repre-
sentation, can be easily varied in time to capture any future

expansions or contractions.

Ry = Rk (t—1) + Z Z prljkLpljt

i€l Nl JE€pi

_Z Z Zpﬁljk pie V1K (13)

i€l oy JE€ pi
RI >R, >0 Ykt (14)

Precedence Constraints. Constraint (15) enforces the
completion of preceding tasks before a given task can be
started. Not all the tasks can be started and finished in a
short-term horizon, and therefore constraint (16) has to be
added to prevent constraint (15) from being satisfied with

f —
xphwt =0

D D

WEpi 1> [EF Ty |

2 § : S
hwr 29 pijt

J€i t> [EST,]

STI1=37 > %

JEJpi t> [EST);]

Vp.i €1y Nl h € Hy  (15)
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Tightening Constraints. It was found that in the relaxed
problem tasks could be finished at time 0 without violating
the task duration constraint (8). To avoid this situation, (17)
and (18) were added to the formulation. These constraints
enforce a lower bound in the finish time of the tasks, which
corresponds to the case when the resources that can complete
them in the minimum possible time are allocated.

Z Z pljt = Z Z hwt + Z Z %pijX, pljz‘

JEJpi t > [EFT,;] WEJpi t > [EFT;] JEJpi t > [EFT,;]

— max|f; L] — - Z Z put

JE€Jpi t > [EFT,;]

Vp,i €1, NI gery,

Z Z txlt;lf/'f z Z Z oc[’le;(n/t

J€Tyi > [EFT,y] €Uy t> [EFT,;]

heH, (17)

max[f i JL;;;‘X]

Vpi€l, N lger  (18)

Objective Function. From a financial perspective the deci-
sions on how to manage a portfolio of projects need to be
geared toward the maximization of the expected net present
value (ENPV). However, the implementation of a short-term
rolling horizon strategy does not allow the use of an objective
function that computes such a quantity. Therefore, taking into
account that the internal resources in an R&D organization are
committed regardless of the project they are assigned to, and
that external resources are limited by a budget, expected an-
nual returns are used as weighting factors, W,;, in the objec-
tive function. The expected values are calculated, assuming
statistical independence between the tasks, by multiplying the
forecasted annual returns for each project and the probabilities
of success of the given task, the tasks down stream of it and
the tasks that can take place in parallel with it. In addition, ex-
ponential discounting, with rate r, is used to capture the time
value of money according to the market (e.g. importance of
first mover advantage, patent protection, competitor’s position)
and technological risks perceived for each project.

Though this objective function is only based on variables
that mark the completion of the different tasks, it can be
extended to include terms characterized by variables that mark
their starting points. This “simplified” objective was selected to
allow for a more significant numerical comparison between the
different formulations as the precedence based continuous time
formulation is limited to the use of completion variables in the
objective function, and the conventional formulation is limited
to the use of a single type of variable (i.e. start or completion).

maXZZZ Z W,,l,e” X (19)

p i€l j€Jpi 1> [EFT,;]

*As proposed by one of the referees an alternative to this constraint is
s f
Zje],,, Zzz [EST,] Ypijt < Zwer,,,, Zrz [EF Ty, | Xphwt*
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Summarizing, the discrete time formulation of the prob-
lem, M1, consists of Eq. 19 as the objective function and
Eqgs. 6-18 as the set of constraints.

Precedence-based continuous time formulation

The first continuous time formulation is based on the ideas
on precedence and concurrence developed by Mendez et al."
This strategy, instead of keeping track of the resources being
used at each point in time, determines which activities take
place in parallel, calculates the total resource requirements of
such activities and forces these requirements to be less than the
capacities available. For this purpose two sets of binary varia-
bles and two sets of continuous variables need to be defined:

Xpi=1 if task i of project p is completed with combina-
tion j, 0 otherwise.

Y,iy»=1 if task i’ of project p’ has been completed after
starting task i of project p, 0 otherwise.

Cpi: Completion time of task i of project p.

L,;;: Multiple of combination j used to complete task i of
project p.

The most attractive aspect of this formulation is that it is
completely time independent. However, the problem size
reduction gains obtained in the time dimension are offset to
some degree by the additional variables required to linearize
the resource availability constraints and the objective function.

Assignment Constraints. Constraint (20) guarantees that
only one combination is assigned to each task.

D <1V pi€l, NIy (20)
J€dpi

Combination Multiple Constraints. In this formulation,
the variables are completely time independent, which means
that no synchronization between start and finish variables has
to be implemented. Therefore, only bounds have to be
imposed on the multiples of each combination:

Lm x,,,J<L <M xp,,

i pij <L Vpi€l,Nlterj€d,;  (21)

Resource Constraints. The resource constraints require
the determination of whether tasks that are allocated combi-
nations that include a given resource take place in parallel.
This determination is performed via pair wise comparisons
that relate the starting and finishing points of two tasks.
Based on the binary variables Y, that take a value equal
to 1 if task i/ of project p’ is completed after starting task i
of project p, it is possible to determine if tasks i and /' are
simultaneously executed, at least to some extent. Specifically,
if Y,,,,,r,r + Y, is equal to 2 there is some overlap; if the
sum is equal to 1 this indicates that the tasks are in some
kind of sequence; and a result equal to zero implies that one
or both of the tasks were not scheduled. Constraint (22) con-
siders every task [in the same project (I,;,) or in the other
projects in the pipeline (/,/)] that according to each project
plan has the potential of taking place in parallel with task i
and assigns the corresponding values to Y,;yy. Constraint
(23) uses such values, the combination multiples, L,;, and
Ppijk (combination ratios or factors) to enforce the resource
constraints. This constraint exhibits bilinear terms (LY pipri
and LY,y that following Glover'® can be eliminated by
replacing them with the linearization variables de,p/,// and
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Z',iyip, resulting in constraint (24), and by appending con-

straints (25)—(28) to the formulation.
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T
X (Vpiptit + Ypripi — 1) <R Vp,i € I, N Iger, k- (23)
> Ppiielii + Z > > i
J&pi i'e(ly ATV TNy ) J €

X (y + iy — L) S RE™

. T
Zpiptif pip'i'j Vp,i €1, NIger, k- (24)

Ly Ypip'i zzplpu >0 Vp,i€l, NI,

P i€ (I, Vi) N g, j € Ty (25)
Lyij > ZI”P 17 e Lp/;l,);,(l — ypip/i’) Vp,i € I,N [£W7

P i€ (I, Vi) NI, j € Ty (26)

. T
LY ,,j,yp,,,, > pip,i/j/ >0 Vp,iel,NIger,

P
P'si" € (Ip, Vipip) N gy, J € Jyi (27)
Lyij > szp i’ 2 Lywy — L;}?’;’(l - yP’i’pi) Vp,ic N IgFT’
Py € (I, V) NIher, /€000 (28)

It is relevant to mention that the pairwise nature of the
comparisons used in this formulation to determine which
tasks take place in parallel leads to conservative resource
availability constraints. This arises from the fact that when a
task overlaps with two or more tasks that do not overlap
between them constraint (24) interprets such a condition as if
all the tasks were overlapping. This situation can be better
explained with a simple example. Assume that there is a pro-
ject p in the pipeline that has to go through four tasks. The
four tasks can take place in parallel, and are the only ones
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that require resource k in order to be completed. Also,
assume that there is only one combination suitable for each,
with p,;1,=1, and that the schedule generated by the optimi-
zation is the one presented in Figure 2. In that case, the opti-
mizer arrived to the solution by enforcing the following con-
straints for resource k [constraint (23)]:

Lok + Lyzk + Lpar <RP™
Lok + Lpar < RP™
Lysg + Lyix <RP™

Lpak + Lyog <R™
where the first constraint is conservative because tasks 4 and
3 are not taking place in parallel.

Precedence and Completion Time Constraints. Constraint
(29) enforces the completion of preceding tasks before a
given task can be started. Notice that if a task does not have
any precedence, (29) still holds with C,,=0. Constraint (30)
has to be added to prevent (29) from being satisfied in that
case. To enforce the time horizon constraint (31) was ini-
tially included, but it was dropped in favor of (32), which
provides a tighter relaxation.

Con — Cpi + Z[“pijxpii - ﬁpijLﬁij]

JEDpi

< T(l - Zx,,ij> Vp,i€l, NIk, h € Hy  (29)

JEDpi

D = > Xpme<1=Y X Vp,i€l, ML, heHy (30)

JeTpi wepi JESpi

Cpi<T Y pyi€l,N I (31
Co<TY Xpig ¥ pii €1y NIk (32)
JEpi

Tightening Constraints. A similar behavior as the one
described in the discrete time formulation was observed in
this model. In the relaxed problem tasks were completed at
time 0 without violating constraint (29). Initially, constraints
(33) and (34) were included to enforce the completion of
each task at least in the minimum possible time. However, it
was observed that the net effect of these tightening con-
straints was negative. Specifically, the increase in the solu-
tion time of the relaxed problem was more significant than
the tightening of the relaxed feasible region.

Cpi = Con + Y _ ttpigpij — max|[B,; L] — Ms [ 1— Zx,,i,-]

JESpi JEIpi

¥ pyi €1, N Iher, h € Hy (33)

Cpi > Z SpijXpij — max (B L]V p,i €1, N L (34
JEDpi

Objective Function. The objective function has the same
structure as the one used in the discrete time formulation.
However, the combination of the exponential function used
for discounting and the continuous time representation makes

DOI 10.1002/aic 2107



it nonlinear. Schmidt and Grossman® showed that to avoid
solving a MINLP this kind of function can be linearized
without introducing significant error. The approximation uses
a piecewise linear function with G segments between the
grid points ay;,, transforming (35) into (36) and forcing the
definition of two additional sets of continuous variables and
one set of binary variables:

Jpije: Weight between O and 1 of the grid point g in the
convex combination used to approximate the term e~ x,,;;.

Sy Slack variable used in the piecewise linearization of
the objective function for task i of project p when completed
with combination ;.

Vpijg=1 if the grid point g is part of the convex combina-
tion used to approximate the term e " x,,

The linearization also requires the addition of a new set of
constraints to the formulation. Constraint (37) calculates the
linearization weights, while constraint (38) guarantees that
the condition _, 4, = 1 for a convex combination is only
enforced when a task is completed with a given combination
Jj- Constraint (38) also guarantees that the weights are O if the
task is not completed or a different combination is used to
complete it. Constraint (39) forces the slack variable to be 0
when the combination j is assigned to task i of project. Con-
straint (40) requires the weights to be O if the corresponding
grid point is not part of the convex combination, and con-
straints (41) and (42) ensure that only two consecutive points
in the grid are part of the convex combination.

maxz Z ZWI”V e TG Xpij (35)

P e, NIL TS

maxy > D> Wy Z Apijg € (36)
piel,NIL J€lpi
Zﬂum,—gap,-g — Spij = —I‘Cp,' Vp, i€ Ip OIEFT,j € in (37)
8
> piie = Xpii ¥ pyi € Iy N gy, j € Jpi (38)
8

Spii < apic(1 —xp) Y pyi €L, N IEer,j €, (39)

;Lpz'jg S Vpijg v p7l € Ip N ]gFrvj € inv 8 (40)

E :Vpi/'g = 2xpij
g

Y p,i €1, N IEer,j €y (41)

Vpijg—1 + Vpijg+1 Z Vpijg v pai € Ip mlgm'vj € ‘]pi7g (42)

Summarizing, the precedence based continuous time for-
mulation of the problem, M2, consists of Eq. 36 as the objec-
tive function and Egs. 20-22, 24-30, 32, and 3742 as the
set of constraints.

Continuous time formulation based on events

In this formulation, the time horizon is divided into intervals
whose start and end points are dictated by the realization of
events, specifically the start of each task (event points)."” It fol-
lows the same idea used in the discrete time formulation,
namely, it keeps track of (a) when tasks are started and com-
pleted, (b) the multiples of the combinations used to complete
each task, and (c) the cumulative resource usage. However, the
fact that the duration of time periods are unknown makes it
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more difficult to signal the end of task and the consequent
release of the resources. Therefore, in addition to the start and
finish variables, it is necessary to include “in process” varia-
bles. This additional complexity is reflected in the number of
sets of variables required by the formulation, three sets of bi-
nary variables and six sets of continuous variables:

X, =1 if task i of project p is started at event point n
with combination j, 0 otherwise.

xp”nfl if task 7 of project p is finished at or before event
point n with combination j, 0 otherwise.

xp,m if task i of project p is being processed at event
point n with combination j, O otherwise.

Lt Multiple of combination j engaged at event point n
to undertake task i of project p.

thn/n Multiple of combination j disengaged at or before
event point n from task i of project.

LEW Multiple of combination j being used at event point
n to undertake task i of project.

Ry, Total amount of resource k that is being used at
event point 7.

T;m Finish time of task i of project p (it is O for all the
event points before the one in which it is started and takes
the value of the finish time of the given task for all the
remaining event points).

T,: Time that corresponds to event point 7.

Notice that the consideration of task starts as the only
event determining event points requires the definition of T;m
to keep track of when tasks are finished, and allows the deri-
vation of the starting time from 7,, and x°.. , making the defi-
nition of T),;, unnecessary.

In the following development, this version of the model
will be initially formulated as a hybrid (generalized disjunc-
tive program)/(mixed integer linear program) (GDP/
MILP)'*? and later transformed into an MILP.

Assignment Constraints. Only one combination can be
assigned to a task if it is started (finished) during the given

time horizon.

pljil’

. T
ZZ Xpijin <1V pii €y Nlggy (43)
Jepi n

. T
oY <l Vpi€lNliy (44)
JE€Li n

Time and Combination Multiple Constraints. To better
understand the origin of the constraints included in this sec-
tion the disjunctions from which they were derived are first
presented. There are three different disjunctive cases for each
suitable combination and each task of each project, at each
point in time: (i) a task starts at event point n with combina-
tion j (x W") (ii) a task is in process at event point n with
combination j (x pun) and (iii) a task finishes or is already fin-
ished at event point n with combination j (x pun) Notice that
in order to generate the set of disjunctions we need to define
three new sets of variables:

Ty, Start time of task i of project p when combination j
is used to undertake it (it is O for all the event points but the
one when the task is started).

T;fu/n Finish time of task i of project p when combination
J is used to undertake it (it is O for all the event points before
the one in which it is started and takes the value of the finish
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time of the given task for all the remaining event points).

D,,;;,: Duration of task i of project p that starts at event
point n using combination j (it is O for all the event points
but the one when the task is started).

Disjunction (45) captures the logic related to the start of a
task. It states that the finish time for a task i at event point n
processed with combination j is dictated by the multiple of
the combination, L .,. This multiple has to lie within the
given bounds, and be equal to L plm if the task is in process
in the next event point or to L” . If the task is finished at or
before the next event point. On the other hand, if the task is
not started the finish time, 7% is kept unchanged.

pijn
s
xpijn 9 —|_)(S
Dpijn = ttpij — ﬁpi}' pijn - pijn
f _ S BT
T[)Ijn Tpl]n + DPU” pun
— LP + L \ DPU” =0 (45)
pzjn z/n+1 pijn+1 Tf — Tfu
me <LS.. max pl/n pijn—1
pij — pljn — pij =
L =L =0 pin
pl]}’l ]71]}1

Disjunction (46) captures the logic related to the process-
ing of a task. If task 7 is in process with combination j, the
finish tiple, .T;I;/-n, is kept unchanged, and the multiple L pun
has to lie within the given bounds, and be equal to the one
in the previous period regardless of whether the period was
a start period (L}, ;) or a processing period 055 pijn— - .If the
task is not in process, the finish time, Tlf,un, increases if the
task starts at event point n with combination j, and stays the
same if the task does not start.

P

Fpijn
f _ gf .
pijn — * pijn—1
I pijn :[j f xpll?
oo v 2 >Tl (46)
‘pijn ‘pijn—1 pijn—1 _ 0
min p max ijn
LpU = L[?ljn = Lpt/ [7]
f _7s _
L[’ll” LPU" 0

Disjunction (47) captures the logic related to the comple-
tion of a task. If task i is finished at event point n or before
with combination j, the finish time, Tf” i,» has to be less than
or equal to the start time of the mterval T,. Also the multi-
ple L pl]n has to lie within the given bounds and be equal to
the one in the previous period, whether the period was a start
period (L}, ;) or a processing period (LEijnfl)' If the task is
not finished, the finish time, T;l-jn, increases if the task starts
at event point n with combination j, and stays the same if
the task does not start or is in process.

+f

; pijn
e
LIfwn = L"j" 1 —|—L1"m ] v TPU” = TPU(”) 1 “7)
me < LIsz/n _L;:Jax pz]n
L[}:U” = L;’U” =0

To complete the description of the disjunctions it should
be acknowledged that the use of binary variables to charac-
terize them is technically an abuse of notation. A rigorous
presentation would instead require the use of Boolean varia-
bles. The transformation of the disjunctions into MILP con-
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straints was implemented via convex hull (Raman and Gross-
mann”® and references hereafter) and big-M constraints, the
first option being the primary strategy when both were suita-
ble. As for the duration, start and finish times, constraints
(48)—(52) are derived from disjunction (45), whereas con-
straint (53) derives from disjunction (47). The duration of
each task is given by constraint (48). Constraints (49) and
(50) ensure the equality for T; ., when the task is started,
while constraints (51) and (52) activate the corresponding
equality when the task is not started. Notice that the condi-
tion for the finish time given by disjunction (46) is captured

in constraints (51) and (52).

Dl’if” - /71])1ap1/ :Bpl] ‘pijn (48)

T[f)l]n—T]Snjn +DI”]" +T(l plj}’l) vp’l e[170117-EWST’
JE€i,n  (49)

T[f)l/n 2 T;qn + Dl’if’1 - T(l - x;ijn) v D, i€ Il’ n I]?ST’
Jj € Jpi,n (50)
T;lm — Tfl]n 1 + Tx, pl]n vp7 S IP rjl]]EHSTMi € JPi7 n\{o} (51)
T;Un—T;jn 1 Vp?i 6117 QIESTJ GJ,,,-,n\{O} (52)

T;UMST +T( ;yn) vp7l EIPQI£ST’j€JI7i7n\{O}

(53)

In terms of the combination multiples, the use of the con-
vex hull reformulation allows the determination of bounds
for each case [constraints (54), (55), and (56)] and the con-
straints that propagate the value of the multiple allocated at
the start of a task, L}, to the event point at or before which
the task is Completed [Constraints (57), (58), (99)].

me S <LS <Lmax S

. T .
pij pt/n pijn pij pt/n vp7lE[PmIESTJE‘]Pi?n (54)

f f . T .
L;;Jm pijn = Lpun L;:Ja Xxlfnjn Vpyi€ly N lger,j € Jpisn - (55)
LmingP <[P < LMNP N piel, NILerj €y n  (56)

pij pljﬂf ‘pijn — “pij pz/n ’ P EST»J Py

Ls Lpt]n 1 +L

pijn pijn+1 v D, S 1.1) N IESTﬂj € ‘][’i7 n (57)

Lpz/n _Lszjn 1 +L ijn—l vpVieIP mIITEHST’j GJPiVH\{O} (58)

Ly =L +Lb,  Vp,i€l,Nlkgr,j€,i,n\{0}  (59)

The number of variables and constraints in the formulation
can be significantly reduced by aggregating constraints.
Notice that because of constraint (43) each of the tasks can
be assigned to at most one of the combinations. This ensures
that when a task is started, Tf pijn Will be different from O only
for one combination, allowing the substitution of > " ;un
y T'. . In the same way, constraint (43) supports the substi-

pin*
tutlon of E;e I vijn Y T,;,- Summing over j and substituting
(48) and T“m = T,, constraints (49) and (50) are aggregated

into (60) and (61). By a similar process constraints (51), (52)
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and (53) are aggregated into (62), (63), and (64). In addition,
according to the definition of Tﬁm if the task is started, the
difference in its value with respect to the one in the previous
event point is given by the duration of the task. Based on
this observation the formulation can be tightened by replac-
ing constraint (63) by (65).

pm<T —l—ZO(p,/ plm Z pij plm+T [I_Z Pljn]

JESpi JEIpi JEIpi
Vp,i€l,Nlsr,n  (60)

JE€Spi JESpi JEpi

pm —Tﬂ + E :aI"J [7le1 E ﬁpz/ pyn [ E : pt/n]

Vp,i€l,NItg,n  (61)

T <Th  +TY X, Vp,i€l, NI, n\{0} (62)
JESpi

T >71f

pin = * pin—1

Y p,i € I, N IEgr, n\{0} (63)

T, <T, +T[IZ P”"J Vp,i€l,NIke,n\{0}  (64)

JEpi

S
pm = m 1 + § :aﬂll pz/n E ::Bplf/'Lpijn

i€l J€Tyi

¥ p,i € 1, N ILgr, n\{0}

In the case of the combination multiple constraints, simpli-
fications can be attained by realizing that at every event
point n, at most one of Lpl - L[fwn, L}, can be nonzero. This
allows the grouping of constraints (57), (58), and (59) into
constraint (66). Finally, following Maravelias and Gross-
mann,'* it is possible to eliminate x PU” from (56) and conse-
quently from the problem, resulting in constraint (67).

L.+l =L | +L°

. T
‘pijn ‘pijn 'pijn— ‘pijn—1 Vp7l € IP n ]EST7

J € Joiun\{O} (66)

min 2 : ] 2
Lpzj [ xpijn’ pzjn’] = plm

n'<n n'<n

L;};‘X[Z =D W] Vp,i€l,Nltgr,jE€Jpn  (67)

n'<n n'<n

Additional constraints are required to enforce the time ho-
rizon and the ordering of the event points. Constraint (68)
guarantees that the last event point, N falls within the time
horizon, while constraint (70) forces the event points to
increase in a monotonic manner.

Tn<T (68)
T, =0 (69)
Twy1>T, Vn\{N} (70)
2110 DOI 10.1002/aic Published on behalf of the AIChE

Resource Constraints. The concept of “mass balance” for
resources described in the discrete time formulation is also
used in this formulation. However, notice that the unknown
length of the time intervals only allows one to use a time invar-
iant capacity, R"® and to disregard those tasks whose EST and
EFT are greater than the time horizon, T (i.e. it is not possible
to disregard specific intervals for variables that can be started
or completed within the given time horizon).

Rin = Rip—1 + Z Z prijkl‘[sn'jn

P i€l JSpi
_Z Z Zpl"ﬂf pijn ¥ kst (71)
i€l, 1l jElp,
Ry <RP™  Vk,n (72)

Precedence Constraints. Constraint (73) enforces the
completion of preceding tasks before a given task can be
started. Not all the tasks can be started and finished in a
short-term horizon; therefore, constraint (74) has to be added
to prevent (73) from being satisfied with T;,m =0.

T =T < (1—2,,,],,) Vp,i€l, Nk, heHyn  (73)

Z pijn Z Z phwn/ = Z pijn vp?l € IP HIEST’

JEIpi welp ' <n JEIpi

he H,,,«,n (74)

Tightening Constraints. No task can be in process or be
finished at time 0, which allows the inclusion of (75) and
(76) to fix the corresponding multiples of all the combina-
tions. Initially, only constraints (77)—(79) were considered as
a way to prevent the completion of tasks at time O in the
relaxed problem without the need to use big M-constraints.
However, it was found that the formulation tends to exhibit
better performance when (80) and (81) are also included.
Finally, (82) guarantees that in the relaxed problem x plm is
within the [0, 1] range.

[71/0 =0 Vp,i€l,NIggr,j €Jpi (75)

p,}o =0 Vp,iel, ﬂ]EFT,] € Jpi (76)

T5, > ESTy > X Vpyi € 1,0 Mg, n (77)
JEIpi

T, > EFT, > x5 p,i €1, NIk, n (78)
JEIpi

T;m 2 EFT Z pijn val € II’ N IlgFT7 n (79)
JEpi

)

f f § /‘ max
Tpm Z Tphn + OCPU pl]n — max [ﬂpleplj - (
J&Jpi

JEDpi
Vp,i €1, NIkgr, h € Hpyyn (80)
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f S max . T
T,,> Z Ui X in — max[ﬁpl-ijij Vp,i €I, NIggr,

JESpi
h e Hpi,n (81)

12> "0, =Y x>0 Vpicl,Nllsy, j€Jun  (82)
n'<n n<n

Objective Function. The objective function (83) has the
same form as the one used in the two previous formula-
tions, and, as in the precedence based model, needs to be
linearized. Notice that the only differences compared with
(35) lies is the use of T;m and x;, in the places correspond-
ing to Cp; and Xx,; and the additional summation over n.
From that perspective the derivation of the linearized objec-
tive function and required constraints (84)—(90) follows the
same logic described for the precedence-based continuous
time formulation.

maxy S SN Wy e My, 83)

P oiel,NILg J€ i 1

max Z Z Z Wi Z Dpiig € (84)

P iel,NILo J€pi 8

Z)“plfigapig —Spii = _"T;iN Vp.i €1y Ny, j €y (85)
g

> piie =Y Xy, Vpi €I, NIEgrj €Ty (86)
g n

Spij < ApiG (1 - Zx;ijn> Vp.i € I Nlgsy,j € i (87)
n
Apijg < Vpijg  Vpyi €1y QIEST’j P (88)

D Vpie =2 X Vpyi € 1y NIy, j € Jpi (89)
8 n

Vpijg—1 + Vpijg+1 > Vpijg VP»I € Ip N I]]—‘;Sij € in7 8 (90)

Summarizing, the event-based continuous time formulation
of the problem, M3, consists of Eq. 84 as the objective func-
tion and Eqs. 43, 44, 54, 55, 60-62, 64-82, and 85-90 as the
set of constraints. To conclude, it is important to highlight
that the number of event points is a parameter of the formu-
lation. Therefore, an iterative procedure, such as the one
described by Maravelias and Grossmann,'* is required. Spe-
cifically, they increase the number of event points by 1 until
there is no improvement. Notice, however, that although this
strategy is aimed at reducing the computational burden of
solving the problem by implementing a structured search, it
does not guarantee optimality.

Example

The formulations developed are evaluated with the four
cases resulting from the two project portfolios and three
project portfolio that can be constructed from a set of three
projects (P1, P2, and P3). In each case two time horizons
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(two and three quarters) and two resource availability levels
(100% and 40%) are considered. The 100% resource avail-
ability setting represents an environment in which resources
are plentiful and the optimization is mainly driven by the
way how combinations are allocated. On the other hand,
the 40% availability setting creates a very tight environ-
ment in which both the combination amounts and the selec-
tion of the tasks to be scheduled are relevant. In each pro-
ject all the tasks have the option of being completed in-
house or outsourced. Each of these two combinations is a
mix of the three types of resources (e.g. scientists, engi-
neers, technicians) available in the corresponding setting
(internal or external). Notice that for simplicity only the
resources required for the actual implementation of the
tasks were considered, which implicitly disregards the addi-
tional overhead involved in outsourcing. All the relevant in-
formation about projects and resources is provided in the
Appendix.

The baseline for the evaluation of the formulations pro-
posed is provided by an instance of the conventional formu-
lation with five multiples for each of the two possible combi-
nations (in-house and outsourced), for a total of 10 modes.
This baseline formulation, M4, is solved for three different
time buckets: 10, 5, and 1 days. All the models are imple-
mented using ILOG’s concert technology and solved with
CPLEX 10.1 under the Unix environment in a Sun Enterprise
450 server with 300 MHz Ultra Sparc II processors and 4
GB in RAM.

To provide better insights into the behavior of each of the
formulations a set of relative comparisons was implemented
based on the results from the different portfolios and scenar-
ios considered. The comparisons were divided in four groups:
value of the objective function within each scenario, solution
time within each scenario, effects of changes in the number
of projects and timeline, and effects of changes in the avail-
ability of resources. Notice that for the sake of conciseness
only pronounced and/or unexpected behaviors are presented
and analyzed.

Objective function value

The most surprising outcome in this comparison was the
lower values obtained from the discrete time formulations,
M1, compared with the corresponding ones from M4 in
Table 5. In theory, MI, disregarding small rounding
effects should provide solutions at least as good as the
ones from M4. However, the rounding effects turned out
to be more significant than expected. In very pathological
cases, as the ones observed in Table 5, the strategy used
for rounding the mode durations in M4 may remove
enough processing time from borderline activities to allow
them to be completed within the given time horizon. It is
important to highlight that this finding was completely ac-
cidental, as all the parameters for the projects were ran-
domly generated.

The second relevant aspect in this category is the quality
of the solutions exhibited by the 5 days M4 formulation
[M4(5)] in many of the cases. They were basically indistin-
guishable from the ones obtained from M3 and the finer
more computationally expensive 1 day M4 formulation
[M4(1)]. However, as is clear from Table 6, significant dif-
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ferences, as expected, are possible and arise in unpredictable
fashion. This implies that though it is tempting to use the
conventional formulation with coarse time buckets, the
inability to predict the impact in the quality of the solution
limits its use.

Solution time

The difference in orders of magnitude in the solution time
between M4 and the other three formulations is perhaps the
most noticeable result obtained in this study. However, a
closer look at the tables and the solutions paths shows that in
several cases the advantage of M4 is much less significant.
As was described in the previous comparison, in spite of the
good solutions obtained in many cases by using a “coarse”
time bucket (i.e. 5 days), 1 day is the ideal choice for the
problem at hand. The problem is that the use of the 1 day
time bucket considerably increases the solution time. This is
especially true for very tight problems, as it can be seen in
Table 7. In addition, some of the results in Tables 5 and 6
show that in order to obtain the real optimal solution the size
of the problems resulting from the M4(1) formulations has to
be further increased by making the discretization of the mul-
tiples finer. In the case of M3 the solution times also do not
provide the complete picture. In spite of the difficulty of pro-
viding optimality the M3 formulations are capable of finding
good solutions (within 95% or more of the optimal solution
or the best solution after 8 h) in 1000 s or less. However,
this performance is entirely dependent on the adequate selec-
tion of the number of time events, which is a recursive very
expensive computational process. In addition, the ability to
quickly find good solutions is lost very quickly as the relaxed

problem becomes a lot harder with the increase in the num-
ber of constraints caused by additional time events and/or
tasks. An example of this situation is portfolio (P1, P2, P3)
in Table 7. According to number of time events used for the
two project portfolios and the solution of the classical formu-
lation for the three project portfolio it is possible to estimate
with considerable confidence that the number of events
required for this case is between 8 and 10. However, when
the formulation is solved for such numbers of time events,
after 8 h the best solution is ~25% below the one reported
in Table 7, which itself is considerably suboptimal.

Effects of changes in the number of projects
and timeline

The precedence based continuous formulation, M2, is the
most sensitive to the increase in the number of tasks (pro-
jects). Though the number of variables growths significantly
with the number of tasks, the real negative effect on the per-
formance comes from the sharp rise in the number of con-
straints. The additional constraints make the relaxed prob-
lems in the branch and bound tree much more difficult. This
can be clearly seen in Table 7 by comparing the 4300 nodes
explored in 8 h for portfolio (P1, P2, P3), and the 62,700,
101,000, and 116,100 nodes explored for portfolios (P1, P2),
(P1, P3), and (P2, P3), respectively. In addition, from the
node log (not presented) it is evident that the increase in the
number of tasks leads to relaxed problems that provide con-
siderably weaker bounds. Notice that though the same type
of behavior is observed with the increase in the time horizon,
the cause of the problem does not have anything to do with
time. M2 is completely time independent, so the reduction in

Table 4. Computational Results 100% Resource Availability and 180 Days Time Horizon

Variables .
Best Sin. Integrality CPU
Projects Form. Binary Continuous Const. M$) Nodes Gap (%) Time (s)
P1, P2 M1 (10) 479 593 1251 77.0720 910 0 42.66
M1 (5) 921 1143 2243 77.3168 4937 0 339.37
M2 206 149 1789 77.3489 3200 0 235.30
M3 (6) 428 750 3370 77.3978 316,800 0 12,662.60
M4 (10) 632 0 153 77.1650 0 0 1.71
M4 (5) 1292 0 261 77.3635 0 0 7.51
M4 (1) 6242 0 1125 77.3930 0 0 353.81
P1, P3 M1 (10) 409 523 1064 51.7325 56 0 4.95
M1 (5) 789 1011 1932 56.0110 2149 0 101.83
M2 138 118 1110 56.1580 179 0 15.27
M3 (6) 344 606 2719 56.1770 40,200 0 951.14
M4 (10) 519 0 142 51.8254 0 0 1.38
M4 (5) 1022 0 250 56.0110 0 0 5.00
M4 (1) 5071 0 1114 56.1756 0 0 159.39
P2, P3 M1 (10) 508 622 1301 61.0400 154 0 12.94
M1 (5) 984 1206 2361 61.1888 3000 0 206.41
M2 206 147 1789 61.2560 6200 0 333.40
M3 (6) 396 690 3042 61.3437 282,900 0 10,032.20
M4 (10) 727 0 153 56.8866 0 0 2.36
M4 (5) 1450 0 261 61.1472 0 0 8.40
M4 (1) 7209 0 1125 61.2546 0 0 322.44
P1, P2, P3 M1 (10) 698 812 1751 92.7798 2540 0 224.45
M1 (5) 1347 1569 3157 97.0806 56,700 0 14,782.30
M2 380 207 3709 87.4368" 118,500 11.13 28,800
M3 (6) 584 1020 4544 97.4458" 256,000 1.11 28,800
M4 (10) 939 0 170 92.6043 0 0 3.76
M4 (5) 1882 0 278 92.9435 0 0 35.21
M4 (1) 9261 0 1142 97.2115 100 0 1398.80
2112 DOI 10.1002/aic Published on behalf of the AIChE August 2008 Vol. 54, No. 8 AIChE Journal



Table 5. Computational Results 100% Resource Availability and 270 Days Time Horizon

Variables

Integrality CPU
Projects Form. Binary Continuous Const. Best SIn. (M$) Nodes Gap (%) Time (s)
P1, P2 M1 (10) 1074 1242 2541 99.6571 1900 0 428.32
M1 (5) 2104 2434 4760 107.3850 26,000 0 7179.62
M2 384 235 3368 115.0508" 370,300 0.15 28,800
M3 (8) 668 1162 5128 115.3690" 336,000 2.12 28,800
M4 (10) 1935 0 225 107.2570 0 0 7.33
M4 (5) 3939 0 390 115.1990 0 0 22.98
M4 (1) 19,449 0 1686 115.3020 0 0 958.86
P1, P3 M1 (10) 935 1103 2246 84.7360 2840 0 181.53
M1 (5) 1833 2163 4201 92.5447 15,000 0 3948.39
M2 346 222 2961 100.3720 142,294 0 10,240.40
M3 (9) 702 1224 5381 110.5746" 423,900 0.62 28,800
M4 (10) 1566 0 218 87.9904 0 0 5.69
M4 (5) 3158 0 383 100.2810 0 0 20.02
M4 (1) 15,968 0 1679 100.4740 0 0 714.62
P2, P3 M1 (10) 1085 1253 2545 80.2273 5500 0 438.36
M1 (5) 2135 2465 4807 80.5412 6400 0 4624.51
M2 340 221 2887 80.5366" 525,100 0.17 28,800
M3 (10 ) 748 1302 5694 80.73137 78,200 4.21 28,800
M4 (10) 2001 0 225 80.0298 0 0 7.99
M4 (5) 4049 0 387 80.4731 0 0 18.58
M4 (1) 20,435 0 1683 80.6100 0 0 938.43
P1, P2, P3 M1 (10) 1547 1715 3582 132.0740 38,900 0 16,619.00
M1 (5) 3036 3366 6719 105.8055 36,400 32.65 28,800
M2 760 339 7533 99.7757" 17,000 48.80 28,800
M3 (9) 1062 1845 8099 143.10417 25,300 8.66 28,800
M4 (10) 2751 0 253 135.1250 30 0 26.27
M4 (5) 5573 0 418 147.2400 100 0 130.31
M4 (1) 27,926 0 1714 147.8560 960 0 4344.1

the solution performance is actually caused by the considera-
tion of additional tasks.

The second continuous time formulation (M3) also exhibits
a steep reduction in the solution performance caused by the

increases in the number of constraints resulted from the
growth in the number of tasks. However, in this case
the effects are not only related to the number of tasks, but to
the combined effect of additional tasks and additional time

Table 6. Computational Results 40% Resource Availability and 180 Days Time Horizon

Variables .
Integrality CPU
Projects Form. Binary Continuous Const. Best SIn. (M$) Nodes Gap (%) Time (s)
P1, P2 M1 (10) 479 593 1251 44.0462 3348 0 383.67
M1 (5) 921 1143 2243 44.0931 194,000 55.65 28,800
M2 206 149 1789 44.1520 40,700 0 2223.40
M3 (5) 368 642 2861 44,1746 18,300 0 2666.30
M4 (10) 632 0 153 33.2757 0 0 1.30
M4 (5) 1292 0 261 38.5291 0 0 7.61
M4 (1) 6242 0 1125 43.8158 200 0 1753.80
P1, P3 M1 (10) 409 523 1064 31.5980 67,300 0 888.35
MI (5) 789 1011 1932 31.6091 852,000 13.51 28,800
M2 138 118 1110 35.8700 8300 0 344.82
M3 (5) 296 519 2309 39.5150 19,100 0 838.48
M4 (10) 519 0 142 29.2414 0 0 1.14
M4 (5) 1022 0 250 29.2787 0 0 5.58
M4 (1) 5071 0 1114 29.3314 0 0 621.28
P2, P3 M1 (10) 508 622 1301 38.0166 117,200 0 6851.28
M1 (5) 984 1206 2361 29.9711 220,000 83.97 28,800
M2 206 147 1789 38.0813 74,800 0 5462
M3 (5) 340 590 2582 41.6652 16,200 0 1916.56
M4 (10) 727 0 153 27.4119 0 0 1.53
M4 (5) 1450 0 261 32.6513 0 0 6.03
M4 (1) 7209 0 1125 37.9512 20 0 1053.70
P1, P2, P3 M1 (10) 698 812 1751 47.7286 198,000 24.88 28,800
M1 (5) 1347 1569 3157 30.2372 80,200 183.65 28,800
M2 380 207 3709 38.9497" 35,800 142.85 28,800
M3 (7) 666 1167 5230 4791227 33,200 109.47 28,800
M4 (10) 939 0 170 40.5722 0 0 3.20
M4 (5) 1882 0 278 45.8254 10 0 20.85
M4 (1) 9261 0 1142 51.1151 116 0 2090.70
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Table 7. Computational Results 40% Resource Availability and 270 Days Time Horizon

Variables
Projects Form. Binary Continuous Const. Best SIn. (M$) Nodes Integrality Gap (%) CPU Time (s)
P1, P2 M1 (10) 1074 1242 2541 60.6808 98,100 63.19 28,800
M1 (5) 2104 2434 4760 49.1499 24,500 102.84 28,800
M2 384 235 3368 61.7028 62,700 86.75 28,800
M3 (7) 594 1031 4532 90.8589* 86,000 20.09 28,800
M4 (10) 1935 0 225 86.1412 75 0 42.160
M4 (5) 3939 0 390 86.4292 1200 0 815.90
M4 (1) 19,449 0 1686 86.5391 1900 12.36 28,800
P1, P3 M1 (10) 935 1103 2246 59.3630 130,800 39.31 28,800
M1 (5) 1833 2163 4201 51.0486 36,300 55.95 28,800
M2 346 222 2961 62.4711* 101,000 45.68 28,800
M3 (6) 492 852 3701 71.4838* 192,000 12.48 28,800
M4 (10) 1566 0 218 70.8651 20 0 19.92
M4 (5) 3158 0 383 71.0021 189 0 171.76
M4 (1) 15,968 0 1679 71.1412 5500 11.62 28,800
P2, P3 Ml (10) 1085 1253 2545 33.6586 46,300 136.85 28,800
M1 (5) 2135 2465 4807 25.3090 26,400 217.03 28,800
M2 350 221 2887 55.5545%* 116,100 45.09 28,800
M3 (7) 544 942 4083 66.6396* 75,800 21.97 28,800
M4 (10) 2001 0 225 65.9674 193 0 52.09
M4 (5) 4049 0 387 66.0247 22,200 0 2427.80
M4 (1) 20,435 0 1683 66.1557 4900 12.97 28,800
P1, P2, P3 M1 (10) 1547 1715 3582 53.8610 34,100 145.01 28,800
Ml (5) 3036 3366 6719 45.2034 7500 193.50 28,800
M2 760 339 7533 19.6652* 4300 654.28 28,800
M3 (7) 850 1471 6413 78.0900* 24,300 93.48 28,800
M4 (10) 2751 0 253 88.0503 9534 0 1758.80
M4 (5) 5573 0 418 93.3723 34,300 0 24,930
M4 (1) 27,926 0 1714 93.6741 200 20.69 28,800

Values within parentheses are number of days per time bucket for the discrete time formulations, and number of time events for the continuous time formulation M3.

*Value from the linearized objective function.

events. This is evident by comparing portfolios (P1, P2, P3)
and (P1, P2) in Tables 4 and 5.

The dependence of the continuous time formulations on
time is an interesting result that deserves to be mentioned. In

the results in Tables 4 and 6 as well as Tables 5 and 7 it is
clear that not only is the solution time significantly increased

Table 9. Comparative Summary of Formulations

theory, these formulations make the model independent of Formulation
time in terms of the length of the time horizon and the time Property M1 M M3 M4
buckets used to discretize it. However, during the evaluation
process it was found that only the first condition is satisfied. Resource representation Cont. ~ Cont  Cont Disc.
Table 8 presents the results for a given case in which 1 and ggl:mr&fgefﬁgggznhas Dl\‘IS: %Z;t %Oer: Dlilsoc
20 days were used as time “bucket’s”. Though additional to be linearized
tests were implemented, no clear relation was found between Number of binary < <<< << Baseline
the solution time and the time “buckets.” It is hypothesized variables '
that the variation in the solution times is caused by the Numb;rbi)f continuous >>> > >>  Baseline
. . . . variables
changes in the behavior of the big-M constraints. Number of constraints oas ses s Baseline
Growth rate in binary < << <<< Baseline
Effects of changes in the availability of resources variables with time
. R L. Growth rate in binary = >> = Baseline
The reduction of the resource availability had a significant variables with projects
impact in the performance of formulation M1. By comparing Growth rate in continuous ~ >>> >> >>>  Baseline
variables with time
Growth rate in cont. >>> >>> >>>  Baseline
Table 8. Effects of Time Units of Continuous Time Gr;';rtl}?brﬁz ‘;:tiloﬁrs?izicgfs e as - Baseline
Formulations (100% Resource Availability and 180 Days with time )
Time Horizon) Growth rate in constraints >> >>> >> Baseline
Time with projects
Unit Best Sln. CPU Favored formulation |
Proi Form. < M N Ti . unlimited memory
rojects orm (days) (M$) odes ime (s) Favored formulation -
P1, P2 M2 1 77.3489 3200 235.30 unlimited time
20 77.3489 5330 337.18
M3(6) 1 77.3978 316.800 12.662.60 < and > indicates less and more than the baseline, respectively, and the
20 77.3978 215’300 5327 51 number highlights the magnitude of the difference in a qualitative manner
’ ’ ’ (i.e, the more the larger the difference).
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but also the quality of the best solution deteriorates. It was
found that the main drivers of this behavior were the loss of
effectiveness of the cuts used by CPLEX and the increased
difficulty in finding good solutions at the top of the branch
and bound tree. M2 also showed in some cases significant
reductions in the quality of the solutions (when compared
with the ones from M3), something that is expected due to
the use of conservative resource allocation constraints.
However, the causes of the problem turned out to be the
same as the ones found for M1. This result, as most of the
ones in the comparisons above instead of providing clarity
about the superiority of any of the formulations, just high-
lights the fact that the proper selection of a model is prob-
lem dependent

Conclusions

The use of continuous divisible resources and continuous
time to address large-scale multimode RCMPSP has been
explored in this article. Three different MILP models were
developed. The proposed models differ in the strategy used
to handle the time domain. The first formulation uses the
standard discrete time representation, the second one relies
on the idea of task precedence to eliminate time from the
model, and the third is based on time events. A relative com-
parison, including the conventional discrete time multimode
approach, shows that the reduction in the number of varia-
bles obtained by the use of continuous variables is offset by
the increase in the number constraints and the corresponding
negative effects in the relaxed model. This situation limits
the applicability of the proposed models to the same scale of
problems solvable by the conventional approach. However,
in general terms, the selection of the most suitable formula-
tion will depend on the computational resource available to
the user. If memory and solution time are limited the best
formulation will be dictated by the specific characteristics of
the portfolio. On the other hand, if one of these computa-
tional resource constraints is relaxed, the conventional formu-
lation, M4, is the top option for “unlimited” memory,
whereas M3 is the best option for “unlimited” time. These
results and the main characteristics of each formulation are
summarized on a comparative basis in Table 9.

To conclude, it is important to recognize that in practice
the number of tasks considered in a portfolio and the time
horizons are much larger than the ones considered in the
case study. Therefore, in spite of the modeling efforts to
develop more efficient formulations, the use of heuristics,
tailored branch and cut algorithms, and simulation-based
strategies at present remains the only practical way to tackle
such problems.

Notation

Indices

g = grid points (linearization objective function)
h = preceding tasks

i =task

Jj = combinations

k =resources

n = event points
p = projects
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t =time periods
w = preceding tasks combinations

Sets
H,

i = set of tasks preceding task i of project p
I, = set of tasks that are part of project p

Igr = set of tasks that have an EST shorter than ¢
Iier = set of tasks that have an EFT shorter than ¢

I,i, = set of tasks within project p that can be processed in parallel

with task 7
J,i = set of combinations that can be allocated to tasks i of
project p
J[[EFT,,J = set of combinations that can be allocated to tasks i of project
p that guarantees and EFT shorter than ¢
Parameters

ap;y = location of grid point g for task i of project p
EST,; = earliest start time of task i of project p
EFT,; = earliest start time of task i of project p

EFT,; = earliest start time of task i of project p if combination j is
allocated (EST); + a,;j — ﬁp,-jL;,‘};‘X
Ly = upper bound for the multiple of combination j that can be

assigned to task i of project p
Ly = lower bound for the multiple of combination j that can be
assigned to task i of project p
r = discounting rate
RP™ = upper bound for renewable resource k
T =length of the time horizon
W,;; = objective function weighting factor for task i of project p
when combination j is allocated; it is based on the expected
annual returns of the project and the probabilities of success
of different tasks
o,; = duration of task i of project p when the minimum multiple of
combination j is allocated plus f,; i
Ppij = factor that transforms combination multiples into task durations
ppijx = ratios (factors) of resources k that are part of combination j
when it is allocated to task i of project p

Binary variables

Vpije = 1 if the grid point g is part of the convex combination used
to approximate the term e x,; or e Toin 37 Xiin
; = 1 if task i of project p is completed with combination j, 0

otherwise

Xp

x;m(n) =1 if task i/ of project p is started at the beginning of time ¢
(time event n) with combination j, 0 otherwise

x]*n.ﬁ(n) = liif task i of prqject P isA ﬁni_sheq at the beginning of time ¢
(time event n) with combination j, O otherwise

x;’ijn =1 if task i of project p is being processed at event point n

with combination j, 0
Ypipv = 1 if task i’ of project p’ has been completed after starting
task 7 of project p, O otherwise

Continuous variables

Cp; =completion time of task i of project p
D,ijn = duration of task i of project p that starts at event point n
using combination j (it is O for all the event points but the
one when the task is started)
Lp;; = multiple of combination j used to complete task i of project
L;Ij,(n) = multiple of combination j engaged at time ¢ (time event 1) to
undertake task i of project p
= multiple of combination j disengaged at time ¢ (time event n)
from task 7 of project p
= multiple of combination j being used at event point n to
undertake task 7 of project
Ryny = total amount of resource £ that is being used at time ¢ (time event 1)

f
Lpijt(n)

p
‘pijn
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S,; = slack variable used in the piecewise linearization of the 7. Salewski F, Schirmer A, Drexl A. Project scheduling under resource

objective function for task i of project p when completed and mode identity constraints: model, complexity, methods, and
with combination j application. Eur J Oper Res. 1997;102:88-110.
T, = time that corresponds to event point n 8. Weglarz J. Project Scheduling: Recent Models, Algorithms, and

Tlf?m = finish time of task i of project p (it is O for all the event Applications. Boston: Kluwer, 1999.
points before the one in which it is started and takes the 9. Schmidt CW, Grossmann IE. Optimization models for the scheduling of
value of the finish time of the given task for all the remain- testing tasks in new product development. Ind Eng Chem Res.
ing event points) 1996;35:3498-3510.

T, = start time of task i of project p when combination j is used to 10. Honkomp SJ. Solving mathematical programming planning
undertake it (it is O for all the event points but the one when models subject to stochastic task success, PhD Thesis, School of
the task is started) Chemical Engineering, Purdue University, West Lafayette, IN,
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plzprfj,_,_ = linearization variable for Ly mization framework for stochastic optimization of R and D pipeline
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Appendix: Example Data

The precedence relations for each of the projects are presented in Figure Al and the corresponding data in Tables Al—

o e Table Al. Forecasted Annual Returns
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Figure A1. Project execution plans.
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Table A3. Factors to Transform Combination Multiples Into Task Durations

Task
Project Combination 1 2 3 4 5 6 7 8 9 10
1 In-house 7.5 9.4 32 1.8 13.0 13.7 375 25.0 1.0 15.5
Outsourced 5.0 6.3 22 1.2 9.0 9.0 25.0 16.5 0.8 10.5
2 In-house 8.1 10.8 24 2.0 8.0 13.5 1.0 25.5 35.0
Outsourced 54 7.2 16 1.3 55 9.0 0.5 17.0 23.0
3 In-house 8.3 9.7 22 2.8 36.0 43.0 1.0 11.0
Out-sourced 5.4 6.6 15 2.0 24.0 28.5 0.8 7.5

Table A4. Upper Bounds for Combination Multiples

Task
Project Combination 1 2 3 4 5 6 7 8 9 10
1 In-house 13 13 3 8 7 5 6 6 12 6
Outsourced 10 10 2 6 6 4 5 5 10 5
2 In-house 12 12 3 7 6 4 11 6 5
Outsourced 10 10 2 6 5 3 9 5 4
3 In-house 11 12 3 7 5 5 11 5
Outsourced 9 10 2 6 4 4 9 4
Table AS. Lower Bounds for Combination Multiples
Task
Project Combination 1 2 3 4 5 6 7 8 9 10
1 In-house 5 6 2 3 5 2 4 4 7 4
Outsourced 4 4 1 2 4 1 3 3 5 3
2 In-house 5 6 2 3 4 2 7 4 4
Outsourced 4 4 1 2 3 1 5 3 3
3 In-house 4 5 2 3 4 3 6 3
Outsourced 3 4 1 2 3 2 4 2
Table A6. Maximum Task Durations in Days
Task
Project Combination 1 2 3 4 5 6 7 8 9 10
1 In-house 120 158 85 30 103 72 200 90 10 60
Outsourced 85 118 79 21 78 57 158 77 9 51
2 In-house 101 140 62 29 90 51 8 81 57
Outsourced 72 107 57 20 66 43 6 71 61
3 In-house 110 136 60 28 97 182 10 49
Outsourced 78 98 55 21 89 150 9 41
Table A7. Success Probability of Tasks that can Fail
Project Task Success Prob.
1 3 85
5 95
6 90
7 98
2 3 90
5 97
8 83
3 3 88
6 97
7 93
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Table A8. Resource Factors for the Composition Ratios (pp;ix)

Task
Project Combination Resource 1 2 3 4 5 6 7 8 9 10
1 In-house 1 14 8 9 10 15 15 11 14 9 10
2 12 15 15 17 12 8 15 8 15 10
3 15 15 15 16 15 15 9 8 14 10
Outsourced 4 12 17 12 18 9 22 16 14 11 11
5 9 18 24 20 14 24 16 11 16 9
6 8 18 24 20 10 24 11 10 9 11
2 In-house 1 9 15 14 14 15 13 8 14 4
2 10 15 13 8 13 11 11 14 8
3 14 10 14 16 15 9 14 10 6
Outsourced 4 11 18 22 14 8 18 13 5 10
5 15 15 14 18 16 21 6 9 4
6 9 18 17 19 16 21 15 13 10
3 In-house 1 11 17 13 15 12 9 15 5
2 6 10 13 13 5 12 15 8
3 16 10 9 8 13 12 12 10
Outsourced 4 12 16 13 18 14 21 9 6
5 18 15 13 10 14 21 14 9
6 7 17 13 9 5 14 18 12
Table A9. Multiples for Each Combination (Conventional Formulation)
Task
Project Combination Multiple 1 2 3 4 5 6 7 8 9 10
1 In-house 1 10 13 3 8 7 5 6 6 12 6
2 11 11.25 2.75 6.75 6.5 4.25 5.5 5.5 10.75 5.5
3 9 9.5 2.5 5.5 6 3.5 5 5 9.5 5
4 7 7.75 2.25 4.25 5.5 2.75 4.5 4.5 8.25 4.5
5 5 6 2 3 5 2 4 4 7 4
Outsourced 1 10 10 2 6 6 4 5 5 10 5
2 8.5 8.5 1.75 5 5.5 3.25 4.5 4.5 8.75 4.5
3 7 7 1.5 4 5 2.5 4 4 7.5 4
4 5.5 5.5 1.25 3 4.5 1.75 3.5 3.5 6.25 3.5
5 4 4 1 2 4 1 3 3 5 3
2 In-house 1 12 12 3 7 6 4 11 6 5 0
2 10.25 10.5 2.75 6 5.5 3.5 10 5.5 4.75 0
3 8.5 9 2.5 5 5 3 9 5 4.5 0
4 6.75 7.5 2.25 4 4.5 2.5 8 4.5 4.25 0
5 5 6 2 3 4 2 7 4 4 0
Outsourced 1 10 10 2 6 5 3 9 5 4 0
2 8.5 8.5 1.75 5 4.5 2.5 8 4.5 3.75 0
3 7 7 1.5 4 4 2 7 4 3.5 0
4 5.5 5.5 1.25 3 3.5 1.5 6 3.5 3.25 0
5 4 4 1 2 3 1 5 3 3 0
3 In-house 1 11 12 3 7 5 5 11 5 5 0
2 9.25 10.25 2.75 6 4.75 4.5 9.75 4.5 4.75 0
3 7.5 8.5 2.5 5 4.5 4 8.5 4 4.5 0
4 5.75 6.75 2.25 4 4.25 3.5 7.25 3.5 4.25 0
5 4 5 2 3 4 3 6 3 4 0
Outsourced 1 9 10 2 6 4 4 9 4 0 0
2 7.5 8.5 1.75 5 3.75 3.5 7.75 4 0 0
3 6 7 1.5 4 3.5 3 6.5 3 0 0
4 4.5 5.5 1.25 3 3.25 2.5 5.25 2.5 0 0
5 3 4 1 2 3 2 4 2 0 0
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Table A10. Task Duration for Each Multiple of Each Combination in Days (Conventional Formulation)

Task
Project Combination Multiple 1 2 3 4 5 6 7 8 9 10
1 In-house 1 60 92 53 21 77 31 125 40 5 29
2 75 108.5 61 23.3 83.5 413 143.8 52.5 6.3 36.8
3 90 125 69 255 90 515 162.5 65 75 445
4 105 1415 77 27.8 96.5 61.8 181.3 77.5 8.8 523
5 120 158 85 30 103 72 200 90 10 60
Outsourced 1 55 80 57 16 60 30 108 44 5 30
2 62.5 89.4 62.5 17.2 64.5 36.8 120.5 52.3 6 35.3
3 70 98.9 68 18.4 69 435 133 60.5 7 40.5
4 71.5 108.3 73.5 19.6 73.5 50.3 145.5 68.8 8 45.8
5 85 118 79 21 78 57 158 77 9 51
2 In-house 1 44 75 38 21 74 24 4 30 22 0
2 58.3 91.3 44 23 78 30.8 5 42.8 30.8 0
3 72.5 107.5 50 25 82 375 6 55.5 39.5 0
4 86.8 123.8 56 27 86 443 7 68.3 48.3 0
5 101 140 62 29 90 51 8 81 57 0
Outsourced 1 40 64 41 15 55 25 4 37 38 0
2 48.1 74.8 45 16.3 57.8 29.5 45 45.5 43.8 0
3 56.3 85.5 49 17.5 60.5 34 5 54 49.5 0
4 64.4 96.3 53 18.8 63.3 385 5.5 62.5 553 0
5 73 107 57 20 66 43 6 71 61 0
3 In-house 1 52 68 38 17 61 96 5 27 5 0
2 66.5 85 435 19.8 70 117.5 6.3 325 4.75 0
3 81 102 49 225 79 139 7.5 38 45 0
4 95.5 119 54.5 253 88 160.5 8.8 435 4.25 0
5 110 136 60 28 97 182 10 49 4 0
Outsourced 1 46 58 40 13 65 93 5 26 0 0
2 54.1 67.9 43.8 15 71 107.3 6 26 0 0
3 62.3 71.7 475 17 77 121.5 7 335 0 0
4 70.4 87.6 513 19 83 135.8 8 37.3 0 0
5 79 97 55 21 89 150 9 41 0 0
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